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Toro Vazquez-Harten Lax
Leer (TV-HLL)Abstract This paper deals with the numerical solution of inviscid compressible flows. The three-
dimensional Euler equations describing the mentioned problem are presented and solved numeri-
cally with the finite volume method. The evaluation of the numerical flux at the interfaces is per-
formed by using the Toro Vazquez-Harten Lax Leer (TV-HLL) scheme. An essential feature of
the proposed scheme is to associate two systems of differential equations, called the advection sys-
tem and the pressure system. It can be implemented with a very simple manner in the standard finite
volume Euler and Navier–Stokes codes as extremely simple task. The scheme is applied to some test
problems covering a wide spectrum of Mach numbers, including hypersonic, low speed flow and
three-dimensional aerodynamics applications.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is
an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Hyperbolic systems of conservation laws can be used to model
a wide variety of phenomena arising in meteorology, oceanog-
raphy, some branches of physics and engineering disciplines.
More specifically, problems involving fluid motion are
described by the Euler equations which are the basis of the
modern fluid dynamics. Because of the nonlinearities associ-
ated with coupled physical phenomena, these equations areso complex and cannot be solved analytically. Therefore,
numerous numerical flux functions have been designed in the
literature and can be categorized as either flux vector splitting
(FVS) or flux difference splitting (FDS).1
FDS scheme framework is one of the most successful
groups among the various approaches to design numerical
schemes and is largely used and studied. They are generally
based on the idea of Godunov and the Riemann problem is
used locally. There are several schemes of this family formu-
lated in the literature among which are the Roe, Harten Lax
Leer (HLL) and Osher numerical schemes. They2–4 capture
contact discontinuity accurately and give a good resolution
for boundary layer in viscous flow computation. Unfortu-
nately, the main demerit of the HLL scheme is that it cannot
resolve contact discontinuity exactly. Concerning the Roe’s
scheme, it is well-known that it admits rarefaction shocks that
do not satisfy the entropy condition and sometimes gives rise
to spurious solutions such as carbuncle phenomena.5 To, Chin J
2 P. Tiam Kapen, G. Tchuenimprove the quality of solutions, several attempts have been
made to understand and cure the phenomenon. Indeed, Kim
et al.6 developed a carbuncle-free FDS scheme by employing
the HLL-type splitting that introduces a multi-dimensional
dissipation term to overcome shock instability without tuning
parameters, while maintaining the accuracy of the Roe’s
scheme. In addition, Quirk noticed that some schemes that
possess the property of the good capturing of contact discon-
tinuity show carbuncle phenomena while others free from
these instabilities cannot capture it accurately. Therefore, he
proposed a strategy to use combined fluxes so that a dissipative
approach can be used in the shock regions.
In contrast, FVS schemes, such as Steger-Warming7 or Van
Leer8 scheme, have the advantages in view of robustness and
efficiency. They are positively conservative under a Courant–
Friedrichs–Lewy-like condition, which is very desirable for
simulating high-speed flows involving strong shocks and
expansions. However, they have accuracy problems in resolv-
ing shear layer regions due to excessive numerical dissipation,
which occurs more seriously in hypersonic flow.
In an effort to design a numerical scheme combining the
accuracy of FDS and the robustness of FVS, Liou and Steffen9
developed the advection upstream splitting method (AUSM)
scheme. It consists of two steps: the first step is the splitting
of the inviscid flux vector into two physical parts, namely con-
vective and pressure terms, and the next step is the discretiza-
tion of the two components separately. This scheme is able to
capture shock waves and contact discontinuities. However, it
presents some flaws. To cure these failings, Wada and Liou10
proposed the AUSMDV scheme which eliminates numerical
overshoots behind shock waves in the AUSM formulation.
Unfortunately, it allows carbuncle phenomena due to numeri-
cal instability. Later, Liou11 proposed the AUSM+ scheme
that features the following properties: exact resolution of 1D
contact and shock discontinuities, positivity preserving of sca-
lar quantity such as the density, free of ‘‘carbuncle phe-
nomenon”, algorithm simplicity, and easy extension to treat
other hyperbolic systems. Despite these advantages, some dis-
astrous failings are found, for instance, numerical overshoots
behind strong shock waves and oscillations near regions of
small convection velocity or small pressure gradient. Hence,
Kim et al.12 built the AUSMPW scheme that enjoys the fol-
lowing features: no carbuncle phenomena, elimination of over-
shoots, high resolution of discontinuities, reduced numerical
dissipation, constancy of total enthalpy, efficiency and robust-
ness. In addition, Kim et al.13 introduced the AUSMPW+ to
increase the accuracy and computational efficiency of
AUSMPW in capturing an oblique shock without compromis-
ing robustness. The AUSM scheme has been extended to all
speed regimes by Liou14 and the resulting scheme is called
AUSM+-up. Similarly, a low-diffusion flux-splitting for
Navier-Stokes calculations is developed by Edwards.15 The
interest in the multi-phase flows is proposed by Edwards et al.16
and Ihm and Kim.17 It is well-known that numerical fluxes for
conservative methods for solving hyperbolic equations are
expected to be not just robust but also able to resolve interme-
diate characteristic fields accurately. This requirement is not
met by centered fluxes, nor by incomplete Riemann solvers
or classical flux vector splitting methods. The inability to
resolve intermediate characteristic fields badly affects the cor-
rect resolution of contact waves, material interfaces, shear
waves, vortices and ignition fronts. Moreover, when thesePlease cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
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coming manifests itself during computation of shear layers.
Therefore, Toro and Vazquez constructed the TV and TV-
Averaged Weighted Schemes18 that are simple, robust, and
accurate compared with the existing methods and also enjoy
a very desirable property: recognition of contact and shear
waves in general and exact preservation of isolated stationary
contacts. Later, an improved version of TV schemes termed
TV-HLL scheme19,20 has been designed by Tiam and Tchuen.
Indeed, it captures the rarefaction and shock waves better than
the TV schemes and is also less dissipative compared to them.
Taking into account these improvements, we propose an exten-
sion of the scheme to three-dimensional flow problems in this
paper. Our attention is restricted exclusively to the first-order
case, as there exists several methods to extend first-order
approach to high order of accuracy.
This paper is organized as follows: Section 2 presents the
mathematical model describing the three-dimensional inviscid
compressible flows; in Section 3, the finite volume method is
used for the spatial discretization and the TV-HLL scheme
for the evaluation of numerical fluxes; Section 4 is devoted
to some 3D numerical tests to assess the performance of the
proposed scheme.
2. Mathematical model
The system of partial differential equations describing the
three-dimensional inviscid compressible flows is given by
@U
@t
þ @F
@x
þ @G
@y
þ @H
@z
¼ 0 ð1Þ
where t is the time, U is the vector of conservative quantities,
while F, G and H are the fluxes vectors. They are defined by
U ¼
q
qu
qv
qw
qE
0
BBBBBB@
1
CCCCCCA
; F ¼
qu
qu2 þ p
quv
quw
ðqEþ pÞu
0
BBBBBB@
1
CCCCCCA
G ¼
qv
qvu
qv2 þ p
qvw
ðqEþ pÞv
0
BBBBBB@
1
CCCCCCA
; H ¼
qw
qwu
qwv
qw2 þ p
ðqEþ pÞw
0
BBBBBB@
1
CCCCCCA
8>>>>>>>>>><
>>>>>>>>>>>:
ð2Þ
where q is the density, u, v and w are the velocity components
in x, y and z direction respectively, and p is the static pressure.
E is the total specific energy given by
E ¼ eþ u
2 þ v2 þ w2
2
ð3Þ
e is the internal energy, and the ideal-gas equation of state is
p ¼ ðc 1Þqe ð4Þ
with c being the ratio of specific heats.
3. Finite volume discretization
For an arbitrary control volume X, delimited by the surface A,
Eq. (1) can be written in the integral form. Thus, we havemulti-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
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@t
Z Z Z
X
UdXþ
Z Z
A
T  ndA ¼ 0 ð5Þ
where T ¼ ½F;G;H is the tensor of fluxes, and n ¼ ðnx; ny; nzÞ
the outward unit vector normal to the boundary A. For a hex-
ahedral control volume, we write
jXj @
U
@t
þ
X6
s¼1
Z Z
As
T  nsdA ¼ 0 ð6Þ
with U being the average of U inside X. It is important to men-
tion that the three-dimensional control volume |X| is computed
by using the formula presented in Ref.21. Therefore, Eq. (6)
gives
jXj @
U
@t
þ
X6
s¼1
Z Z
As
½cosws cos hsFðUÞ þ cosws sin hsGðUÞ
þ sinwsHðUÞdA ¼ 0 ð7Þ
The angles ws and hs represent the rotation angles of the
momentum components of U around y and z axes respectively.
The components of ns are illustrated in Fig. 1 and given by
nsx ¼ cosws cos hs
nsy ¼ cosws sin hs
nsz ¼ sinws
8><
>: ð8Þ
Since the Euler equations satisfy the rotational invariance
property22, we have
nsxFðUÞ þ nsyGðUÞ þ nszHðUÞ ¼ Q1s ~Fð~UÞ ð9Þ
where Qs is the rotation matrix:
Qs ¼
1 0 0 0 0
0 cosws cos hs cosws sin hs sinws 0
0  sin hs cos hs 0 0
0  sinws cos hs  sinws sin hs cosws 0
0 0 0 0 1
0
BBBBBB@
1
CCCCCCA
ð10Þ
and Q1s its inverse is
Q1s ¼
1 0 0 0 0
0 cosws cos hs  sin hs  sinws cos hs 0
0 cosws sin hs cos hs  sinws sin hs 0
0 sinws 0 cosws 0
0 0 0 0 1
0
BBBBBB@
1
CCCCCCA
ð11ÞFig. 1 Three-dimensional control volume.
Please cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
Aeronaut (2016), http://dx.doi.org/10.1016/j.cja.2016.10.007Consequently, the approximate solution of Eq. (1) is
Unþ1i;j;k ¼ Uni;j;k 
Dt
jXi;j;kj
X6
s¼1
AsQ
1
s
~Fð~UÞ ð12Þ
with Dt being the time step, n 2 N, (i, j, k) 2 Z3, and Xi, j, k
being the control volume of cell (i, j, k), the numerical flux
through the surface As is given by
~U ¼
q
q~u
q~v
q~w
qE
0
BBBBBBB@
1
CCCCCCCA
; ~Fð~UÞ ¼
q~u
q~u2 þ p
q~u~v
q~u~w
ðqEþ pÞ~u
0
BBBBBBB@
1
CCCCCCCA
ð13Þ
where ~u, ~v and ~w are respectively the normal and tangential
velocities given by
~u ¼ u cosws cos hs þ v cosws sin hs þ w sinws
~v ¼ u sin hs þ v cos hs
~w ¼ u sinws cos hs  v sinws sin hs þ w cosws
8><
>: ð14Þ3.1. Time step calculation
The time step is obtained by using an explicit time-marching
formulation from the CFL stability criteria. Indeed, it has
the form23 of
Dt ¼ CFLminðDtx;Dty;DtzÞ ð15Þ
where 0 < CFL< 1 is the Courant-Friedrich-Lewy number
for explicit schemes. It is important to mention that for impli-
cit schemes, it is bigger than 1. Dtx, Dty and Dtz are given by the
following expressions23:
Dtx ¼ Dxjuj þ a
Dty ¼ Dyjvj þ a
Dtz ¼ Dzjwj þ a
8>>>>><
>>>>:
ð16Þ
with a being the sound speed:
a ¼
ﬃﬃﬃﬃﬃ
cp
q
r
ð17Þ3.2. Numerical flux
3.2.1. TV-HLL scheme for three-dimensional flows
In order to compute the numerical fluxes, the TV-HLL
scheme19,20 has been used. Let us consider the one-
dimensional form of Eq. (1):
@ ~U
@t
þ @
~F
@n
¼ 0 ð18Þ
where ~U and ~F are defined by Eq. (13). The first step for the
construction of our scheme for three-dimensional Euler equa-
tions is to split the flux vector Eq. (13) as follows:multi-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
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q~u
q~u2 þ p
q~u~v
q~u~w
ðqEþ pÞ~u
0
BBBB@
1
CCCCA ¼
q~u
q~u2 þ p
q~u~v
q~u~w
ðqeþ 1
2
q~u2 þ pÞ~u
0
BBBBB@
1
CCCCCA
¼
q~u
q~u2
q~u~v
q~u~w
1
2
q~u3
0
BBBBB@
1
CCCCCA
þ
0
p
0
0
ðqeþ pÞ~u
0
BBBB@
1
CCCCA ð19Þ
It can be rewritten as
~Fð~UÞ ¼ Að~UÞ þ Pð~UÞ ð20Þ
where the corresponding advection and pressure fluxes are
respectively
Að~UÞ ¼ ~u
q
q~u
q~v
q~w
1
2
q~u2
0
BBBBBBB@
1
CCCCCCCA
; Pð~UÞ ¼
0
p
0
0
~uðqeþ pÞ
0
BBBBBB@
1
CCCCCCA
ð21Þ
For an ideal gas, the second vector of Eq. (21) becomes
Pð~UÞ ¼
0
p
0
0
c
c 1 p~u
0
BBBBBBB@
1
CCCCCCCA
ð22ÞNð~UÞ ¼
0 0 0 0 0
1
2
ðc 1Þð~u2 þ ~v2 þ ~w2Þ ðc 1Þ~u ðc 1Þ~v ðc 1Þ~w c 1
0 0 0 0 0
0 0 0 0 0
c~uEþ c~u3 þ c~u~v2 þ c~u~w2 cE 3
2
c~u2  1
2
c~v2  1
2
c~w2 c~u~v c~u~w c~u
0
BBBBBBBB@
1
CCCCCCCCA
ð31ÞThe substitution of Eq. (20) into Eq. (18) gives
@ ~U
@t
þ @ðAð
~UÞ þ Pð~UÞÞ
@n
¼ 0 ð23Þ
By using the splitting developed by Toro et al.18, Eq. (23) is
equivalent to two sub-systems that are
@ ~U
@t
þ @Að
~UÞ
@n
¼ 0 ð24Þ
@ ~U
@t
þ @Pð
~UÞ
@n
¼ 0 ð25Þ
The final numerical flux F^ is defined by
F^ ¼ Q1 ~^F ¼ A^þ P^ ð26Þ
where Q1 ¼ Q1S is the inverse of the rotation matrix, F^ is
obtained by rotating back the flux, andA^ and P^ represent thePlease cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
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computation of A^ and P^, we propose a careful study of Eqs.
(24) and (25) separately.
3.2.2. Advection system
The quasi-linear form of Eq. (24) is
@ ~U
@t
þMð~UÞ @
~U
@n
¼ 0 ð27Þ
with Mð~UÞ being the jacobian matrix:
Mð~UÞ ¼
0 1 0 0 0
~u2 2~u 0 0 0
~u~v ~v ~u 0 0
~u~w ~w 0 ~u 0
~u3 3
2
~u2 0 0 0
0
BBBBBBBBB@
1
CCCCCCCCCA
ð28Þ
The analysis of the matrix Mð~UÞ shows that the system is
weakly hyperbolic. Its eigenvalues are
k1 ¼ 0; k2 ¼ k3 ¼ k4 ¼ k5 ¼ ~u ð29Þ3.2.3. Pressure system
It can also be written as
@ ~U
@t
þNð~UÞ @
~U
@n
¼ 0 ð30Þ
with Nð~UÞ given byThe matrix Nð~UÞ has five real eigenvalues:
k1 ¼ 1
2
~u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~u2 þ 4 cp
q
r 
; k2 ¼ k3 ¼ k4 ¼ 0;
k5 ¼ 1
2
~uþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~u2 þ 4 cp
q
r 
ð32Þ3.2.4. TV-HLL numerical flux
The central idea of the TV-HLL scheme19,20 resides in the use
of the HLL algorithm2 to evaluate the numerical pressure flux
with modified wave speeds. Indeed, we have
P^¼
P0ðULÞ if SL  0
SRP
0ðULÞSLP0ðURÞþSRSLðURULÞ
SRSL if SL 6 06 SR
P0ðURÞ if SR  0
8>><
>>:
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P0ðUÞ ¼
0
pnx
pny
pnz
c
c 1 p~u
0
BBBBBBB@
1
CCCCCCCA
ð34Þ
The most well-known approach for estimating bounds for
the minimum and maximum signal velocities in the solution
of the Riemann problem is to provide, directly, SL and SR.
Our suggestion for three-dimensional flows, following the
Davis idea for the wave speed estimates24 and the expression
of the eigenvalues Eq. (32) of the jacobian matrix for the pres-
sure system, is given by
SL ¼ min 1
2
ð~u aÞ;min 1
2
ð~uL  aLÞ; 1
2
ð~uR  aRÞ
  
ð35Þ
SR ¼ min 1
2
ð~uþ aÞ;min 1
2
ð~uL þ aLÞ; 1
2
ð~uR þ aRÞ
  
ð36Þ
with ~u and a respectively given by the Roe averages:
~u ¼
ﬃﬃﬃﬃﬃ
qL
p
~uL þ ﬃﬃﬃﬃﬃﬃqRp ~uRﬃﬃﬃﬃﬃ
qL
p þ ﬃﬃﬃﬃﬃqRp ð37Þ
a ¼
ﬃﬃﬃﬃﬃ
qL
p
aL þ ﬃﬃﬃﬃﬃﬃqRp aRﬃﬃﬃﬃﬃ
qL
p þ ﬃﬃﬃﬃﬃqRp ð38Þ
where ~uL, ~uR, aL and aR are defined as
~uL ¼ uL coswS cos hS þ vL coswS sin hS þ wL sinwS
~uR ¼ uR coswS cos hS þ vR coswS sin hS þ wR sinwS

ð39Þ
aL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~u2L þ 4a2L
q
aR ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~u2R þ 4a2R
q
ð40Þ
aL and aR are the sound speeds for the left and right cells. Con-
cerning the advection numerical flux, we suggest the following:
A^ ¼ ~u
q
q~u
q~v
q~w
1
2
q~u2
2
6666666664
3
7777777775
L
if ~u  0
q
q~u
q~v
q~w
1
2
q~u2
2
6666666664
3
7777777775
R
otherwise
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
ð41Þ
The intercell velocity ~u is given by Ref.18:
~u ¼ CR~uR  CL~uL
CR  CL 
2ðpR  pLÞ
CR  CL ð42Þ
with
CL ¼ qL ~uL 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð~uLÞ2 þ 4 cpLqL
r 
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð~uRÞ2 þ 4 cpRqR
r 
ð44Þ3.2.5. Summary of TV-HLL scheme for 3D flows
The TV-HLL scheme applied to three-dimensional Euler equa-
tions can be summarized as follows:
	 Pressure flux Compute the wave speed estimates Eqs. (35)
and (36) to compute the pressure flux as in Eq. (33).
	 Advection flux Compute the intercell velocity given in
Eq. (42) to compute the advection flux as in Eq. (41).
	 Intercell flux Compute the intercell flux as in Eq. (26).
4. Results for three-dimensional test problems
4.1. Quirk’s test (odd-even grid perturbation problem)
This test has been first proposed and investigated by Quirk25 to
explore carbuncle phenomenon in the two-dimensional case
and has been later studied by several authors (Pandolfi and
d’Ambrosio26; Tchuen27). It is well-known that many upwind
schemes, including the exact Riemann solver and the approxi-
mate, are afflicted with the shock instabilities (also called odd-
even decoupling). A single shock wave travels downstream in a
straight duct at MaS = 6. The problem is computed on a grid
of 800  7  21 three-dimensional duct with unit spacing. The
central plane grid points are modified by adding (subtracting)
a small perturbation (103) to the odd (even) streamwise sta-
tions. The initial position of the shock wave is at x= 20.
Fig. 2 shows the predicted density contours along the duct
by the first-order schemes TV-HLL and exact Riemann. It
can be observed that the exact Riemann scheme failed to pre-
serve the initial shock as in the two-dimensional case. Indeed,
the shock was destroyed by the exact Riemann flux, and a typ-
ical carbuncle was developed. On the other hand, the TV-HLL
flux did not suffer and kept the shock all the way through.
4.2. Diffraction of a shock over a 90 corner
This is an expansion shock problem used to evaluate numerical
instability. Quirk25 has shown the complexity of the flow which
generates a series of complex shock diffraction, reflection, and
interaction patterns. This problem is another test case for
which many Godunov type fluxes suffer from the carbuncle.
A computational domain is discretized into 132  12  161
uniform cells. The top boundary is taken as a wall, and the
right and bottom boundaries are taken as outflow. All compu-
tations were performed by the first-order TV-HLL and exact
Riemann schemes with CFL = 0.2. The ability of the TV-
HLL scheme to detect shock, contact and expansion regions
can be observed. The pressure contours for the case
MaS = 5.09 are shown in Fig. 3 with 15 contours. It can also
be concluded from the pressure contour legend that the pro-
posed scheme is less diffusive than the exact Riemann scheme.
4.3. Explosion test in three-space dimensions
In this test, the three-dimensional Euler equations are solved
on a computational domain: X= [0; 1]  [0; 1]  [0; 1] inmulti-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
Fig. 2 Mach 6 moving shock along odd-even grid perturbation, density contours for TV-HLL and exact Riemann schemes.
Fig. 3 Mach 5.09 shock diffraction, pressure contours with TV-HLL and exact Riemann schemes.
6 P. Tiam Kapen, G. Tchuenx  y  z space. The initial conditions consist of the region
inside of a sphere of radius R= 0.2 centered at (0.5, 0.5,
0.5) and the one outside. The flow variables take constant
values in each of these regions and are joined by a spherical
discontinuity at time t= 0. The two constant states are chosen
to be
qins ¼ 1:0
uins ¼ 0:0
vins ¼ 0:0
wins ¼ 0:0
pins ¼ 1:0
8>>>><
>>>>:
qout ¼ 0:125
uout ¼ 0:0
vout ¼ 0:0
wout ¼ 0:0
pout ¼ 0:1
8>>>><
>>>>:
ð45Þ
Subscripts ins and out denote values inside and outside the
sphere respectively. The mesh is 80  80  80 computing cells.
The numerical scheme used here is TV-HLL scheme with
CFL = 0.1. Fig. 4 and Fig. 5 show the density distribution
at the output time t= 3.73  104 s and t= 6.62  104 s
respectively.Please cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
Aeronaut (2016), http://dx.doi.org/10.1016/j.cja.2016.10.007The solution exhibits a spherical shock wave, a spherical
contact surface traveling in the same direction and a spherical
rarefaction traveling toward the origin (0.5, 0.5, 0.5). From
these figures, we can see the ability of the TV-HLL scheme
to capture the spherical contact and the spherical shock wave.
4.4. Implosion test in three-space dimensions
The initial data (45) are reversed so as to create an implosion
problem, with shock focussing taking place as part of the solu-
tion. Figs. 6 and 7 show the density distribution at the output
time t= 7.36  105 s and t= 3.01  104 s respectively. The
capability of the TV-HLL scheme to capture the spherical con-
tact can also be noticed.
4.5. Hypersonic inviscid flow along a 3D diffuser
In this problem, a freestream Mach numberMa1 ¼ 10 is com-
ing from the left of the domain (see Fig. 8). The mesh used ismulti-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
Fig. 5 Explosion test in three-space dimensions, density distri-
bution of TV-HLL scheme at t= 6.62  104 s.
Fig. 6 Implosion test in three-space dimensions, density distri-
bution of TV-HLL at t= 7.36  105 s.
Fig. 7 Implosion test in three-space dimensions, density distri-
bution of TV-HLL at t= 3.01  104 s.
Fig. 8 Diffuser configuration in the xz plane.
Fig. 9 Density contours along a 3D diffuser.
Fig. 4 Explosion test in three-space dimensions, density distri-
bution of TV-HLL scheme at t= 3.73  104 s.
Numerical simulation of multi-dimensional inviscid compressible flows by using TV-HLL scheme 761  10  41 computing cells. The TV-HLL scheme is used
with CFL = 0.1. Fig. 9 shows the density distribution. Good
homogeneity and symmetry properties can be observed inPlease cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
Aeronaut (2016), http://dx.doi.org/10.1016/j.cja.2016.10.007the TV-HLL solution. The interference between the upper
and lower shock waves is well captured by the scheme. There
is good agreement between the structured Euler results
obtained with the TV-HLL scheme and the unstructured Euler
results of Ref.28 where the Jameson and Mavriplis29 scheme
was second-order accurate and the Liou and Steffen9 scheme
was first-order accurate.
4.6. Subsonic flow over a circular bump
In this test case, a channel with 10% cylindrical bump at the
lower wall is considered. The geometry is presented in
Fig. 10. The problem is computed here on a grid of 185  35
uniform cells. The flow regime in this test case is set to the inletmulti-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
8 P. Tiam Kapen, G. TchuenMach number Ma1 ¼ 0:5. The direction of the flow is from
left to right. The initial conditions used in this test case are
q= 1.5 kg/m3, p= 101,000 Pa, u= 205.709277 m/s andFig. 11 Mach number contours of flow thro
Fig. 12 Surface Mach number for
Fig. 13 Mach number contours of flow throu
Fig. 10 Computational domain for two-dimensional bump.
Please cite this article in press as: Tiam Kapen P, Tchuen G Numerical simulation of
Aeronaut (2016), http://dx.doi.org/10.1016/j.cja.2016.10.007v= 0 m/s. The first-order TV-HLL and exact Riemann
schemes are used with CFL = 0.5. Fig. 11 shows the Mach
number contours, while Fig. 12 shows the surface Mach num-
ber. It can be seen from Fig. 12 that there is a noticeable asym-
metry in the solution of exact Riemann scheme. This
asymmetry is slightly improved with the TV-HLL scheme.
4.7. Transonic flow over a circular bump
The domain is shown in Fig. 10. The inlet Mach number is
Ma1 ¼ 0:67. Fig. 13 presents the Mach number distribution
and Fig. 14 exhibits the surface Mach number. We can easily
observe the shock generated near the lower wall and the ability
of all the schemes to capture it. It can be concluded from the
Mach number contour legend that the TV-HLL scheme pre-
sents more dissipation in the capture of the shock wave, at
approximately 60% of the chord, than the exact Riemann
scheme yields.ugh a channel having a bump Ma1 ¼ 0:5.
flow in channel at Ma1 ¼ 0:5.
gh a channel having a bump Ma1 ¼ 0:67.
multi-dimensional inviscid compressible flows by using TV-HLL scheme, Chin J
Fig. 14 Surface Mach number for flow in channel at Ma1 ¼ 0:67.
Numerical simulation of multi-dimensional inviscid compressible flows by using TV-HLL scheme 95. Conclusions
(1) In this paper, an extension of the TV-HLL scheme19,20
to the numerical solution of the three-dimensional Euler
equations has been presented.
(2) Indeed, it firstly consists of a splitting of the flux vec-
tor18, which is followed by the HLL algorithm2 applied
to the pressure system and the use of modified wave
speed estimates.
(3) The scheme has been evaluated on some three-
dimensional fluid flow problems and the results have
been presented.
(4) It can be concluded that the numerical scheme gives sat-
isfactory results in all the presented test cases. It would
be useful to extend the TV-HLL scheme to second order
of accuracy. In addition, these results should be rein-
forced on more test cases dealing with viscous and
magneto-hydro-dynamic flows where the time marching
algorithm plays an important role. All this constitutes
the ways of investigation of future work.References
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